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Abstract
This paper is concerned with the regularity criterion of Leray–Hopf weak solutions to the 3D Navier–Stokes equations with
respect to Serrin type condition on two velocity filed components. It is shown that the weak solution u = (u1, u2, u3) is regular on
(0, T ] if there exist two solution components, for example, u2 and u3, satisfying the condition
∇u2,∇u3 ∈ Lp1
(
0, T ;Lq1(R3)), for 2
p1
+ 3
q1
 2, 3
2
< q1 ∞.
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1. Introduction
Dynamical behavior of a viscous incompressible fluid motion in the three-dimensional (3D) fluid domain R3 is
described by the following Navier–Stokes equations
⎧⎨
⎩
∂tu + (u · ∇)u + ∇π = u,
∇ · u = 0,
u(x,0) = u0.
(1.1)
Here ∇ represents the gradient (∂x1 , ∂x2 , ∂x3), u0 is a given initial velocity, u = (u1, u2, u3) and π denote the unknown
velocity vector field and scalar pressure field of the fluid motion respectively. The evolution of the motion is considered
in the time domain (0, T ). For simplicity, we assume that the external force is zero, because our results can be easily
extended to the nonzero external force case. Here, we use the classical notation
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3∑
i=1
ui∂ivk (k = 1,2,3), ∇ · u =
3∑
i=1
∂iui .
For u0 ∈ L2(R3), in the pioneer work [13] in 1934, Leray constructed a global weak solution u ∈ L∞(0,∞;
L2(R3)) ∩ L2(0, T ;H 1(R3)). This result on the whole space R3 was extended to that on bounded domains by
Hopf [9]. From that time on, huge contributions have been made in an effort to understand the regularity or the
uniqueness of the weak solution. However, the problem on the regularity or finite time singularity for the weak so-
lution still remains unsolved. Regularity can only been derived when certain growth conditions are satisfied. This is
known as a regularity criterion problem. For example, Scheffer [18] and Caffarelli et al. [3] and Lin [14] studied a
regularity criterion on a suitable weak solution, which is different from the Leray–Hopf weak solution, and derived an
up bound of the dimension of the singularity points of the suitable weak solution.
The investigation of the regularity criterion on the weak solution stems from the celebrated work of Serrin [19].
With the extended examinations given by Fabes et al. [5], Giga [7] and Struwe [21], Serrin’s regularity criterion can
be described as follows:
If u is a Leray–Hopf weak solution satisfying
u ∈ Lp(0, T ;Lq(R3))≡ Lpt Lqx, for 2
p
+ 3
q
 1, 3 < q ∞, (1.2)
then u is regular on (0, T ].
An interesting contribution of this problem is due to Beirão da Veiga [1] on the regularity criterion with respect to
the velocity gradient condition
∇u ∈ Lpt Lqx, for
2
p
+ 3
q
 2, 3
2
< q ∞. (1.3)
Moreover, regularity of the weak solution is also derived (see, Neustupa and Penel [15], Penel and Pokorý [16],
Zhou [25] and references therein), if one component of the velocity, for example, u3 satisfies
u3 ∈ Lpt Lqx, for
2
p
+ 3
q
 1
2
, 6 < q ∞. (1.4)
Condition (1.4) can be replaced respectively by the one
u3 ∈ Lpt Lqx, for
2
p
+ 3
q
 5
8
,
24
5
< q ∞ (1.5)
(see Kukavica and Ziane [11]) and the one
∇u3 ∈ Lpt Lqx, for
2
p
+ 3
q
 3
2
, 2 < q ∞ (1.6)
(see He [8], Pokorý [17] and Zhou [24]). One may also refer to Chae and Choe [4] for the study of a regularity criterion
with respect to a condition on two velocity components. More precisely, for ω˜ = (ω1,ω2,0), the first two components
of the vorticity ω = ∇ × u, they proved the regularity of the weak solution in the class
ω˜ ∈ Lpt Lqx, for
2
p
+ 3
q
 2, 3
2
< q < ∞. (1.7)
Kozono and Yatsu [10] and Zhang and Chen [23] extended this result into BMO and Besov spaces in the marginal
case q = ∞, respectively.
It should be mentioned that the Serrin’s condition (1.2) implies a connection of regularity criteria of weak solutions
and a scaling invariance property. That is, u solves (1.1) if and only if
u (x, t) = λu(λx,λ2t)λ
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‖u‖Lp(0,λ2T ;Lq(R3)) = ‖uλ‖Lp(0,T ;Lq(R3))
holds true for all λ > 0 if and only if p and q satisfy the Serrin’s condition (1.2). Likewise, the scaling invariance
‖∇u‖Lp(0,λ2T ;Lq(R3)) = ‖∇uλ‖Lp(0,T ;Lq(R3))
is valid if and only if p and q are subject to the condition (1.3).
However, the conditions (1.4)–(1.6) are quite strong comparing with the conditions (1.2), (1.3) and do not imply
the invariance under the above scaling transformation. Therefore, it is of interest in showing regularity by imposing
Serrin’s condition with respect to one or two components of the velocity field.
Motivated by regularity criterion with respect to (1.7), the aim of the present paper is to study the regularity
criterion of weak solutions by imposing Serrin’s condition on two components of the velocity field. That is, we show
that ∇u2,∇u3 ∈ Lpt Lqx implies the regularity if
2
p
+ 3
q
 2, 3
2
< q ∞. (1.8)
Unlike the previous investigations, of which the approaches are mainly based on the vorticity equations, the present
examination mainly rely on the identities ∇ · u = 0 and ((u · ∇)u,u) = 0 in the two-dimensional case.
To aid the introduction of our main result, we recall the definition of Leray–Hopf weak solutions (see, for exam-
ple, [12,22]).
Definition 1.1. Let u0 ∈ L2(R3) and ∇ · u0 = 0. A vector field u(x, t) is termed as a Leray–Hopf weak solution of
(1.1) on (0, T ) if u satisfies the following properties:
(i) u ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;H 1(R3));
(ii) ∂tu + (u · ∇)u + ∇π = u in D′((0, T ) × R3);
(iii) ∇ · u = 0 in D′((0, T ) × R3);
(iv) (the energy inequality)
∥∥u(t)∥∥2
L2x
+ 2
t∫
0
∫
R3
∣∣∇u(x, s)∣∣2 dx ds  ‖u0‖2L2x , for 0 t  T . (1.9)
By a strong solution we mean that a weak solution u of the Navier–Stokes equations (1.1) satisfies
u ∈ L∞(0, T ;H 1(R3))∩ L2(0, T ;H 2(R3)). (1.10)
It is well known that the strong solution is regular and unique.
The main result on the regularity criterion of the weak solutions now reads:
Theorem 1.1. Suppose u0 ∈ H 1(R3) and ∇ ·u0 = 0 in the sense of distributions. Assume that u(x, t) is a Leray–Hopf
weak solution of (1.1) on (0, T ). If there exist two components of velocity field, for example, u2 and u3 satisfying the
following condition
∇u2,∇u3 ∈ Lp1t Lq1x , for
2
p1
+ 3
q1
 2, 3
2
< q1 ∞, (1.11)
then u is a regular solution in (0, T ].
This result is an improvement of the earlier regularity criterion with respect to (1.3). Especially, the condition
(1.11) does not seem to be comparable to (1.7). For the regularity criterion by imposing Serrin’s condition on a single
velocity component, We will discuss elsewhere. Moreover, the proof of Theorem 1.1 provides an alternative approach
to the following result
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u2, u3 ∈ Lp2t Lq2x , for
2
p2
+ 3
q2
 1, 3 < q2 ∞, (1.12)
the conclusion of Theorem 1.1 holds true.
2. A priori estimate
The proof of Theorem 1.1 is essentially based on the a priori estimate for smooth solutions of (1.1) described in
the following.
Theorem 2.1. Let u0 ∈ H 1(R3) with ∇ · u0 = 0. Assume that u is a smooth solution of (1.1) on R3 × (0, T ) and
satisfies (1.11). Then
sup
0t<T
∥∥∇u(t)∥∥2
L2x
+
T∫
0
∫
R3
∣∣u(x, s)∣∣2 dx ds  C (2.1)
holds true for C = C(‖∇u2‖Lp1t Lq1x ,‖∇u3‖Lp1t Lq1x ,‖∇u0‖L2x ).
Alternatively, if (1.12) rather than (1.11) is satisfied, then (2.1) holds true for C a constant dependent on the
quantities ‖u2‖Lp2t Lq2x , ‖u3‖Lp2t Lq2x and ‖∇u0‖L2x .
This theorem is to be proved with the aid of two lemmas.
Lemma 2.1. Assume that a measurable function u ∈ L∞t L2x((0, T ) × R3) with ∇u ∈ L2t L2x((0, T ) × R3). Then u ∈
L
p0
t L
q0
x ((0, T ) × R3) with
2
p0
+ 3
q0
= 3
2
, 2 q0  6. (2.2)
Moreover, we have
‖u‖
L
p0
t L
q0
x
C
(‖u‖L∞t L2x + ‖∇u‖L2t L2x
)
. (2.3)
The proof of this lemma is straight forward from the Gagliardo–Nirenberg inequality.
Lemma 2.2. Assume that u is a smooth and divergence free (∇ · u = 0) vector field. Then we have∣∣∣∣∣
3∑
i,j,k=1
∫
R3
ui∂iuj ∂kkuj dx
∣∣∣∣∣ C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
. (2.4)
Proof. Observe that
3∑
i,j,k=1
∫
R3
ui∂iuj ∂kkuj dx =
2∑
i,j,k=1
∫
R3
ui∂iuj ∂kkuj dx +
3∑
i=1
2∑
j=1
∫
R3
ui∂iuj ∂33uj dx
+
2∑
j=1
2∑
k=1
∫
R3
u3∂3uj∂kkuj dx +
3∑
i,k=1
∫
R3
ui∂iu3∂kku3 dx
=
4∑
l=1
Il . (2.5)
The estimation of the terms Il is demonstrated respectively in the following.
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I1 = 12
2∑
i,j,k=1
∫
R3
∂iui∂kuj ∂kuj dx −
2∑
i,j,k=1
∫
R3
∂kui∂iuj ∂kuj dx. (2.6)
By the divergence free condition
∑3
i=1 ∂iui = 0 and integration by parts, the first term on right-hand side of (2.6) is
estimated as yield∣∣∣∣∣
1
2
2∑
i,j,k=1
∫
R3
∂iui∂kuj ∂kuj dx
∣∣∣∣∣=
∣∣∣∣∣
1
2
2∑
j,k=1
∫
R3
∂3u3∂kuj ∂kuj dx
∣∣∣∣∣=
∣∣∣∣∣
2∑
j,k=1
∫
R3
u3∂kuj ∂k3uj dx
∣∣∣∣∣,
which gives∣∣∣∣∣
1
2
2∑
i,j,k=1
∫
R3
∂iui∂kuj ∂kuj dx
∣∣∣∣∣ C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
.
For the second term on right-hand side of (2.6), we see that
2∑
i,j,k=1
∫
R3
∂kui∂iuj ∂kuj dx
=
∫
R3
∂2u1∂1u2∂2u2 dx +
∫
R3
∂1u2∂2u1∂1u1 dx +
∫
R3
∂1u1∂1u2∂1u2 dx +
∫
R3
∂1u2∂2u2∂1u2 dx
+
∫
R3
∂2u1∂1u1∂2u1 dx +
∫
R3
∂2u2∂2u1∂2u1 dx +
∫
R3
∂1u1∂1u1∂1u1 dx +
∫
R3
∂2u2∂2u2∂2u2 dx
= −
∫
R3
(∂2u1∂1u2∂3u3 + ∂3u3∂1u2∂1u2 + ∂2u1∂3u3∂2u1) dx
−
∫
R3
(∂1u1∂1u1∂3u3 + ∂2u2∂2u2∂3u3 − ∂1u1∂2u2∂3u3) dx
= −
∫
R3
∂3u3(∂2u1∂1u2 + ∂1u2∂1u2 + ∂2u1∂2u1) dx −
∫
R3
∂3u3(∂1u1∂1u1 + ∂2u2∂2u2 − ∂1u1∂2u2) dx.
This implies that∣∣∣∣∣
2∑
i,j,k=1
∫
R3
∂kui∂iuj ∂kuj dx
∣∣∣∣∣ C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
.
Hence we have
|I1| C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
. (2.7)
Secondly, it follows from integration by parts and the observation
3∑
i=1
2∑
j=1
∫
R3
ui∂i∂3uj∂3uj dx = 0
that
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∣∣∣∣∣
3∑
i=1
2∑
j=1
∫
R3
∂3ui∂iuj ∂3uj dx
∣∣∣∣∣
∣∣∣∣
∫
R3
∂3u1(−∂2u2 − ∂3u3)∂3u1 + ∂3u2∂2u1∂3u1 + ∂3u3∂3u1∂3u1 dx
∣∣∣∣
+
∣∣∣∣
∫
R3
∂3u1∂1u2∂3u2 + ∂3u2∂2u2∂3u2 + ∂3u3∂3u2∂3u2 dx
∣∣∣∣,
which yields
|I2| C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
. (2.8)
Thirdly, the observation
|I3|
∣∣∣∣∣
2∑
j=1
2∑
k=1
∫
R3
∂ku3∂3uj∂kuj dx
∣∣∣∣∣+
∣∣∣∣∣
1
2
2∑
j=1
2∑
k=1
∫
R3
∂3u3∂kuj ∂kuj dx
∣∣∣∣∣
yields
|I3| C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
. (2.9)
Finally, we see that
|I4| =
∣∣∣∣∣
3∑
i,k=1
∫
R3
∂kui∂iu3∂ku3 dx
∣∣∣∣∣
∣∣∣∣∣
3∑
i,k=1
∫
R3
∂k(∂kui∂iu3)u3 dx
∣∣∣∣∣,
|I4| C min
{∫
R3
|u3||∇u||u|dx,
∫
R3
|∇u3||∇u|2 dx
}
. (2.10)
Therefore, on substitution of (2.7)–(2.10) into (2.5) shows the validity of (2.4).
The proof of Lemma 2.2 is complete. 
Now we carry out the proof of Theorem 2.1.
Proof of Theorem 2.1. Taking inner product of the first equation system of (1.1) with u and integrating by parts,
we have
1
2
∥∥∇u(·, t)∥∥2
L2x
+
t∫
0
∫
R3
∣∣u(x, s)∣∣2 dx ds 
∣∣∣∣∣
3∑
i,j,k=1
t∫
0
∫
R3
ui∂iuj ∂kkuj dx ds
∣∣∣∣∣+
1
2
‖∇u0‖2L2x . (2.11)
To estimate the first term of the right-hand side of (2.11) under the condition (1.12), we apply (2.4) and the Hölder
inequality to produce
∣∣∣∣∣
3∑
i,j,k=1
t∫
0
∫
R3
ui∂iuj ∂kkuj dx ds
∣∣∣∣∣ C
t∫
0
∫
R3
(|u2| + |u3|)|∇u||u|dx ds
 C
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)‖∇u‖
L
p0
t L
q0
x
‖u‖L2t L2x , (2.12)
where
1
p2
+ 1
p0
= 1
2
,
1
q2
+ 1
q0
= 1
2
.
Thus it remains to consider u2, u3 ∈ Lp2(0, T ;Lq2(R3)) for the case
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p2
+ 3
q2
= 1, 3 < q2 ∞,
because all estimates for the case 2
p2
+ 3
q2
< 1 can be derived similarly. Observing that
2
p0
+ 3
q0
= 3
2
and applying Lemma 2.1, we have
‖∇u‖
L
p0
t L
q0
x
C
(‖∇u‖L∞t L2x + ‖u‖L2t L2x
)
. (2.13)
With the use of (2.13), Eq. (2.12) becomes
∣∣∣∣∣
3∑
i,j,k=1
t∫
0
∫
R3
ui∂iuj ∂kkuj dx ds
∣∣∣∣∣ C
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)(‖∇u‖L∞t L2x + ‖u‖L2t L2x
)‖u‖L2t L2x
 C0
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)(‖∇u‖2
L∞t L2x
+ ‖u‖2
L2t L
2
x
)
, (2.14)
where C0 is a generic constant.
Furthermore, we estimate the first term on the right-hand side of (2.11) under the condition (1.11). Similarly, it
suffices to consider the case
∇u2,∇u3 ∈ Lp1
(
0, T ;Lq1(R3)), 2
p1
+ 3
q1
= 2, 3
2
< q1 ∞.
By (2.4) and the Hölder inequality, we have
∣∣∣∣∣
3∑
i,j,k=1
t∫
0
∫
R3
ui∂iuj ∂kkuj dx ds
∣∣∣∣∣ C
t∫
0
∫
R3
(|∇u2| + |∇u3|)|∇u|2 dx ds
 C
(‖∇u2‖Lp1t Lq1x + ‖∇u3‖Lp1t Lq1x
)‖∇u‖2
L
p0
t L
q0
x
(2.15)
with
1
p1
+ 2
p0
= 1, 1
q1
+ 2
q0
= 1, 2
p0
+ 3
q0
= 3
2
.
Hence it follows from (2.13) that
∣∣∣∣∣
3∑
i,j,k=1
t∫
0
∫
R3
ui∂iuj ∂kkuj dx ds
∣∣∣∣∣ C˜0
(‖∇u2‖Lp1t Lq1x + ‖∇u3‖Lp1t Lq1x
)(‖∇u‖2
L∞t L2x
+ ‖u‖2
L2t L
2
x
) (2.16)
for a generic constant C˜0.
After the use of (2.14), (2.16), Eq. (2.11) yields
∥∥∇u(·, t)∥∥2
L2x
+
t∫
0
∫
R3
∣∣u(x, s)∣∣dx ds
 C0
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)(‖∇u‖2
L∞t L2x
+ ‖u‖2
L2t L
2
x
)+ ‖∇u0‖2L2x , (2.17)
or
∥∥∇u(·, t)∥∥2
L2x
+
t∫
0
∫
R3
∣∣u(x, s)∣∣dx ds
 C˜0
(‖∇u2‖ p1 q1 + ‖∇u3‖ p1 q1 )(‖∇u‖2 ∞ 2 + ‖u‖2 2 2 )+ ‖∇u0‖2 2 . (2.18)Lt Lx Lt Lx Lt Lx Lt Lx Lx
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C0
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)
 1
2
on (0, t1) (2.19)
or
C˜0
(‖∇u2‖Lp1t Lq1x + ‖∇u3‖Lp1t Lq1x
)
 1
2
on (0, t1), (2.20)
we see that (2.17), (2.19) or (2.18), (2.20) imply
sup
0tt1
∥∥∇u(·, t)∥∥2
L2x
+
t1∫
0
∫
R3
∣∣u(x, s)∣∣dx ds  2‖∇u0‖2L2x . (2.21)
By the bootstrap argument, we can repeat the above argument to (1.1) with initial value at t1 to obtain the estimates
∥∥∇u(·, t)∥∥2
L2x
+
t∫
t1
∫
R3
∣∣u(x, s)∣∣dx ds
 C0
(‖u2‖Lpt Lqx + ‖u3‖Lpt Lqx
)(‖∇u‖2
L∞t L2x
+ ‖u‖2
L2t L
2
x
)+ ∥∥∇u(t1)∥∥2L2x (2.22)
and
∥∥∇u(·, t)∥∥2
L2x
+
t∫
t1
∫
R3
∣∣u(x, s)∣∣dx ds
 C˜0
(‖∇u2‖Lp1t Lq1x + ‖∇u3‖Lp1t Lq1x
)(‖∇u‖2
L∞t L2x
+ ‖u‖2
L2t L
2
x
)+ ∥∥∇u(t1)∥∥2L2x . (2.23)
Choosing t1 < t2 < T such that
C0
(‖u2‖Lp2t Lq2x + ‖u3‖Lp2t Lq2x
)
 1
2
on (t1, t2) (2.24)
under the assumption (1.12) and
C˜0
(‖∇u2‖Lp1t Lq1x + ‖∇u3‖Lp1t Lq1x
)
 1
2
on (t1, t2) (2.25)
under the assumption (1.11), we have
sup
t1tt2
∥∥∇u(·, t)∥∥2
L2x
+
t2∫
t1
∫
R3
∣∣u(x, s)∣∣dx ds  2∥∥∇u(t1)∥∥2L2x . (2.26)
Therefore, after finite steps of the process of the bootstrap iteration, we have
sup
0t<T
∥∥∇u(t)∥∥2
L2x
+
T∫
0
∫
R3
∣∣u(x, s)∣∣2 dx ds  C, (2.27)
where C is the desired constant described in Theorem 2.1.
The proof of Theorem 2.1 is complete. 
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Theorem 1.1 is now a simple consequence of the a priori estimate in Theorem 2.1.
Since u0 ∈ H 1(R3) with ∇ · u0 = 0, by the local existence theorem of strong solutions to the Navier–Stokes
equations (see, for example, Fujita and Kato [6]), there exist a constant T ∗ > 0 and a smooth solution u¯ of (1.1)
satisfying
u¯ ∈ C([0, T ∗);H 1)∩ C1((0, T ∗);H 1)∩ C([0, T ∗);H 3), u¯(x,0) = u0.
Note that the Leray–Hopf weak solution satisfies the energy inequality (1.9). It follows from Serrin’s uniqueness
criterion [20] (see also Giga [7]) that
u¯ ≡ u on [0, T ∗).
Thus it is sufficient to show that T ∗ = T . Suppose that T ∗ < T . Without loss of generality, we may assume that T ∗ is
the maximal existence time for u¯. Since u¯ ≡ u on [0, T ∗), by the assumption (1.11), we have
T ∗∫
0
∥∥(∇u2,∇u3)∥∥p1
L
q1
x
ds < ∞.
Therefore it follows from (2.1) that the existence time of u¯ can be extended after t = T ∗ which contradicts the
maximality of t = T ∗.
This completes the proof of Theorem 1.1.
Similarly, we derive the proof of Corollary 1.1 by using the condition (1.12) to produce
T ∗∫
0
∥∥(u2, u3)∥∥p2
L
q2
x
ds < ∞,
which leads to the same contradiction that T ∗ is not the maximal existence time.
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